Abstract Several methods currently exist for solving fuzzy linear programming problems under nonnegative fuzzy variables and restricted fuzzy coefficients. However, due to the limitation of these methods, they cannot be applied for solving fully fuzzy linear programming (FFLP) with unrestricted fuzzy coefficients and fuzzy variables. In this paper a new efficient method for FFLP has been proposed, in order to obtain the fuzzy optimal solution with unrestricted variables and parameters. This proposed method is based on crisp nonlinear programming and has a simple structure. To show the efficiency of our proposed method some numerical examples have been illustrated. 
Introduction
Linear Programming (LP) is one of the most important techniques in operational research. Many real-world problems can be transformed into a linear programming model. Hence this model is an indispensable tool for today's applications, such as energy, transportation and manufacturing. In real world applications, certainty, reliability and precision of data are often illusory. The optimal solution of an LP only depends on a limited number of constraints; therefore, much of the collected information has little impact on the solution. It is useful to consider the knowledge of experts about the parameters as fuzzy data. The concept of fuzzy set was introduced in [1] . After this, Bellman and Zadeh [2] introduced fuzzy optimization problems where they have stated that, a fuzzy decision can be viewed as the intersection of fuzzy goals and problem constraints. Many researchers such as Zimmermann [3] , Tanaka and Asai [4] , Campos and Verdegay [5] , Rommelfanger et al. [6] , Cadenas and Verdegay [7] who were dealing with the concept of solving fuzzy optimization problems, later studied this subject. In the past few years, a growing interest has been shown in fuzzy optimization. Buckley and Feuring [8] introduced a general class of fuzzy linear programming, called fully fuzzified linear programming problems, where all decision parameters and variables are fuzzy numbers. Lodwick and Bachman [9] have studied large scale fuzzy and possible optimization problems. Buckley and Abdalla [10] have considered Monte Carlo methods in fuzzy queuing theory. Some authors have considered fuzzy linear programming, in which not all parts of the problem were assumed to be fuzzy, e.g., only the right hand side and the objective function coefficients were fuzzy, or only the variables were fuzzy [11] [12] [13] [14] [15] [16] [17] . The fuzzy linear programming problems in which all the parameters and variables are represented by fuzzy numbers are known as fully fuzzy linear programming (FFLP) problems. The FFLP problem with inequality constraints was studied in [8, 18, 19] . However, the main disadvantage of the solution obtained by the existing methods is that, it does not satisfy the constraints exactly i.e. it is not possible to obtain the fuzzy number of the right hand side of the constraint by putting the obtained solution on the left hand side of the constraint.
Dehghan et al. [20] proposed some practical methods to solve the fully fuzzy linear system (FFLS) that is comparable to the well known methods. Then they extended a new method employing Linear Programming (LP) for solving square and non-square fuzzy systems. Lotfi et al. [21] applied the concept of the symmetric triangular fuzzy number, and obtained a new method for solving FFLP by converting a FFLP into two corresponding LPs. Kumar et al. [22] pointed out the shortcomings of the above methods. To overcome these shortcomings, they proposed a new method for finding the fuzzy optimal solution of FFLP problems with equality constraints. Saberi Najafi and Edalatpanah [23] pointed out the method of [22] needs some corrections to make the model well in general. Kaur and Kumar [24] proposed a new method for FFLP problems with equality constraints having non-negative fuzzy coefficients and unrestricted fuzzy variables. Jayalakshmi and Pandian [25] presented a new method where, the given FFLP problem is decomposed into three crisp linear programming (CLP) problems with bounded variable constraints. Fan et al. [26] adopted the a-cut level to deal with a generalized fuzzy linear programming problem. Shamooshaki et al. [27] using L-R fuzzy numbers and ranking function established a new scheme for FFLP. Ezzati et al. [28] using a new ordering on triangular fuzzy numbers and converting FFLP to a multiobjective linear programming (MOLP) problem, presented a new method to solve FFLP. Recently, a number of researchers have exhibited their interest to solve the fuzzy linear programming problems [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . In general, the above existing methods can be applied to the following types of FFLP problems: In crisp LP topic and application of it, we can see some LP problem in which some or all the variables are unrestricted. So these situations can be occurring in fuzzy linear programming problem, i.e. a fuzzy linear programming problem in which some or all the parameters are represented by unrestricted fuzzy numbers. As far as we are aware, there are only a few papers dealing with solution of fuzzy LP problems with fully unrestricted variables and parameters. In this paper, we focus on this problem and propose a new efficient method for solving FFLP with unrestricted variables and parameters. The proposed method is based on crisp nonlinear programming and has a simple and clear structure.
Preliminaries
In this section, we give some basic notations and preliminary results which are essential tools for describing our main results. For details, we refer to [22] [23] [24] . ða þ 2b þ cÞ:
Definition 2.8. Let e A ¼ ða; b; cÞ, e B ¼ ðd; e; fÞ be two triangular fuzzy numbers, then (i) e A 6 e B iff Rð e AÞ 6 Rð e BÞ, (ii) e A < e B iff Rð e AÞ < Rð e BÞ.
Proposed method
In this section, first we define arithmetic operations, based on Definition 2.5. ðminðcx; azÞ; by; maxðcz; axÞÞ; if a < 0; c > 0; ðminðaz; czÞ; by; maxðax; cxÞÞ; if c 6 0:
ð3:1Þ
Then,
ðf0:5ða þ cÞx À 0:5ðc À aÞjxjg; by; f0:5ða þ cÞz þ 0:5ðc À aÞjzjgÞ; if a P 0; ðf0:5ðaz þ cxÞ À 0:5jcx À azjg; by; f0:5ðax þ czÞ þ 0:5jcz À axjgÞ; if a < 0; c > 0; ðf0:5ða þ cÞz À 0:5ðc À aÞjzjg; by; f0:5ða þ cÞx þ 0:5ðc À aÞjxjgÞ; if c 6 0:
ð3:2Þ
Now, we introduce splitting technique for fuzzy coefficients matrix. Let e A be m Â n triangular fuzzy matrix, then we split e A into following:
where Next, consider the following fully fuzzy linear programming (FFLP) with m constraints and n variables:
Minz ¼ e C x s:t : e A x ¼b;x is unrestricted fuzzy number:
where e C T ¼ ½c j 1Ân and rankð e A;bÞ ¼ rankð e AÞ ¼ m. Due to the limitation of the existing methods, these methods cannot be applied for solving above FFLP problem. Here, to overcome the limitations of the existing methods, a new method is proposed.
The steps of the proposed method are as follows:
Step 1: By using the splitting technique, write above FFLP as follows:
. . . ; m; ;x j 2 FðRÞ:
Step Step 3: Using (3.1) and Definition 3.1, the FFLP problem obtained in Step 2 can be written as follows:
ðminðp j x j ; r j x j Þ; q j y j ; maxðp j z j ; r j z j ÞÞ þ X n j¼1 p j <0 r j P0
ðminðp j z j ; r j x j Þ; q j y j ; maxðp j x j ; r j z j ÞÞ þ X n j¼1 r j <0 ðminðp j z j ; r j z j Þ; q j y j ; maxðp j x j ; r j x j ÞÞ s:t :
X n j¼1 a i;j P0 ðminða i;j x j ; c i;j x j Þ; b i;j y j ; maxða i;j z j ; c i;j z j ÞÞ È X n j¼1 a i;j <0 c i;j P0 ðminða i;j z j ; c i;j x j Þ; b i;j y j ; maxða i;j x j ; c i;j z j ÞÞ È X n j¼1 c i;j <0 ðminða i;j z j ; c i;j z j Þ; b i;j y j ; maxða i;j x j ; c i;j x j ÞÞ ¼ ðb i ; g i ; h i Þ; ðx j ; y j ; z j Þ 2 FðRÞ; 8i ¼ 1; 2; . . . ; m:
Step 4: Using (3.2) and Definition 3.1, the FFLP problem obtained in Step 3 can be written as follows:
Step 5: Using Definition 2.7, the fuzzy objective function of the FFLP problem, obtained in Step 4, can be converted into the crisp objective function and the obtained fuzzy linear programming problem can be written as follows:
Step 6: Using Definitions 2.6-2.8, the fuzzy linear programming problem, obtained in Step 5, is converted into the following crisp nonlinear programming problem:
0:5ðp j z j þ r j x j Þ À 0:5 p j z j À r j x j ; q j y j ; 0:5ðp j x j þ r j z j Þ þ 0:5jp j x j À r j z j j À Á þ X n j¼1 r j <0 0:5ðp j þ r j Þz j À 0:5ðr j À p j Þjz j j; q j y j ; 0:5ðp j þ r j Þx j þ 0:5ðr j À p j Þjx j j À Á s:t :
X n j¼1 a i;j P0 0:5ða i;j þ c i;j Þx j À 0:5ðc i;j À a i;j Þjx j j; b i;j y j ; 0:5ða i;j þ c i;j Þz j þ 0:5ðc i;j À a i;j Þjz j j À Á þ X n j¼1 a i;j <0 c i;j P0 0:5ða i;j z j þ c i;j x j Þ À 0:5ja i;j z j À c i;j x j j; b i;j y j ; 0:5ða i;j x j þ c i;j z j Þ þ 0:5ja i;j x j À c i;j z j j À Á þ X n j¼1 c i;j <0 0:5ða i;j þ c i;j Þz j À 0:5ðc i;j À a i;j Þjz j j; b i;j y j ; 0:5ða i;j þ c i;j Þx j þ 0:
ðx j ; y j ; z j Þ 2 FðRÞ; 8i ¼ 1; 2; . . . ; m:
0:5ðp j z j þ r j x j Þ À 0:5jp j z j À r j x j j; q j y j ; 0:5ðp j x j þ r j z j Þ þ 0:
X n j¼1 a i;j P0 0:5ða i;j þ c i;j Þx j À 0:5ðc i;j À a i;j Þjx j j; b i;j y j ; 0:5ða i;j þ c i;j Þz j þ 0:5ðc i;j À a i;j Þjz j À Á þ X n j¼1 a i;j <0 c i;j P0 0:5ða i;j z j þ c i;j x j Þ À 0:5ja i;j z j À c i;j x j j; b i;j y j ; 0:5ða i;j x j þ c i;j z j Þ þ 0:5ja i;j x j À c i;j z j j À Á þ X n j¼1 c i;j <0 0:5ða i;j þ c i;j Þz j À 0:5ðc i;j À a i;j Þjz j j; b i;j y j ; 0:5ða i;j þ c i;j Þx j þ 0:5ðc i;j À a i;j Þjx j j À Á ¼ ðb i ; g i ; h i Þ; ðx j ; y j ; z j Þ 2 FðRÞ; 8i ¼ 1; 2; . . . ; m:
Step 7: Find the optimal solution x j ; y j ; z j by solving the crisp nonlinear programming problem obtained in Step 6.
Step 8: Find the fuzzy optimal solution by putting the values of x j ; y j ; z j inx j ¼ ðx j ; y j ; z j Þ:
Step 9: Find the fuzzy optimal value by puttingx j in P n j¼1c j x j .
Numerical examples
Here, we give some examples to illustrate the results obtained in pervious section. where ðx 1 ; y 1 ; z 1 Þ; ðx 2 ; y 2 ; z 2 Þ are unrestricted triangular fuzzy numbers:
Step 1: By using the splitting technique, write above FFLP as follows: ; ðx j ; y j ; z j Þ 2 FðRÞ; j ¼ 1; 2:
Step 2: Using the arithmetic operations, Definition 3.1, the FFLP problem, obtained in Step 1 can be written as follows: ðx j ; y j ; z j Þ 2 FðRÞ; j ¼ 1; 2:
Step 3: By using (3.2), Definition 3.1, the FFLP problem, obtained in Step 2 can be written as follows:
Maxz ¼ 0:5ðÀz 1 þ 3x 1 Þ À 0:5jz 1 þ 3x 1 j; 2y 1 ; 0:5ðÀx 1 þ 3z 1 Þ ð þ 0:5jx 1 þ 3z 1 jÞÞ È ð3x 2 À jx 2 j; 3y 2 ; 3z 2 þ jz 2 jÞ Maxðor MinÞ 1 4
where x j ; y j ; z j 2 R 8i ¼ 1; 2; . . . ; m; j ¼ 1; 2; . . . ; n: Step 5: Using Definitions 2.6-2.8 the fuzzy linear programming problem, obtained in Step 4, is converted into the following crisp nonlinear programming problem:
y j À x j P 0; z j À y j P 0: where x j ; y j ; z j 2 R 8i ¼ 1; 2; j ¼ 1; 2:
Step 6: The optimal solution of the crisp nonlinear programming problem, obtained in Step 5, is
Step 7: By putting the values of x j ; y j ; z j inx j , the fuzzy optimal solution isx 1 ¼ ð1; 1:5; 2Þ;x 2 ¼ ðÀ3; À2; À0:5Þ:
Step 8: By puttingx j in P n j¼1c j x j , the fuzzy optimal value isz ¼ ðÀ14; À3; 5Þ:
In Table 1 , we solve some other FFLP problems with our method. We can see that, when some or all variables are nonnegative, the method also works well. where ðx 1 ; y 1 ; z 1 Þ; ðx 2 ; y 2 ; z 2 Þ are nonnegative fuzzy numbers:
Conclusions and future work
In the past few years, a growing interest has been shown in fuzzy linear programming and currently there are several methods for solving FFLP. However, no paper has discussed the solving FFLP with unrestricted fuzzy coefficients and fuzzy variables yet. In this paper a new efficient method for FFLP has been proposed, in order to obtain the fuzzy optimal solution with unrestricted variables and parameters. Furthermore, the limitations of other existing methods have been pointed out. To show the efficiency of the proposed method some numerical examples have been illustrated. In addition, although the model, arithmetic operations and results presented here have demonstrated the effectiveness of our approach, it could be further applied in other fuzzy optimization problem such as the fuzzy bounded problems, fuzzy assignment, fuzzy travelling salesman and fuzzy generalized assignment. As future researches, we intend to study these problems. 
